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Abstract
We determine the optimal placement of five points on the unit sphere S2 so that the surface
area of the convex hull of the points is maximized. We show that the surface area is maximized
by a triangular bipyramid with two points placed at the north and south poles and the other
three points forming an equilateral triangle inscribed in the equator.
1 Introduction and Main Result
A classical problem in convex geometry is to determine the configuration of a fixed number of points
on the sphere S2 that optimizes some functional of the points. Examples of the functional to be
optimized include the volume (e.g., [4, 7]) or mean width (e.g., [31]) of the convex hull of the points;
the sum of mutual distances between points (e.g., [5, 27]); and potential energies (e.g., [40, 41]).
In this note we focus on the problem of maximizing the surface area of the convex hull of a fixed
number of points chosen from the sphere S2. It follows from a compactness argument that for any
v ≥ 4, a maximizer exists. The maximizers have been determined for the cases v = 4, 6, 12 ([47];
see the discussion below). For the case v = 5, Akkiraju [1, p. 753] conducted a numerical search
for the maximizer, and asked for a proof that it is the triangular bipyramid with two vertices at the
north and south poles and three more forming an equilateral triangle in the equator. To the best
of our knowledge, a proof was missing until now. In our main result we close this gap and provide
an affirmative answer to Akkiraju’s question. To state our result, let e1, e2, e3 denote the standard
basis vectors of R3, and for a polytope P ⊂ R3, let S(P ) denote its surface area.
Theorem 1. Let P be the convex hull of five points chosen from the unit sphere S2. Then
S(P ) ≤ 3
√
15
2
with equality if and only if P is a rotation of the 5-bipyramid with vertices ±e3, e1, ζ1 := (− 12 ,
√
3
2
, 0)
and ζ2 := (− 12 ,−
√
3
2
, 0).
The optimal polytope from Theorem 1 is depicted in Figure 1 below.
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Figure 1: The optimal polytope with 5 vertices is the convex hull of the north and south poles ±e3 and an
equilateral triangle in the equator with vertices e1, ζ1 and ζ2.
Let P be a polytope in R3 with v vertices, e edges and f facets. Assume that the vertices
of P lie in the unit sphere S2, and that P satisfies the “foot condition” in which the feet of the
perpendiculars from the circumcenter of P to its facet-planes and edge-lines lie on the respective
facets and edges. By a result of To´th [47, Thm. 2, p. 279], the surface area of such a polytope is
bounded by
S(P ) ≤ e sin pif
e
(
1− cot2 pif
2e
cot2
piv
2e
)
=: G(v, e, f). (1)
Observe that the maximal surface area polytope contains the origin in its interior, and thus satisfies
the foot condition. It follows that if S(P ) = G(v, e, f), then P must have maximum surface area
among all polytopes inscribed in the ball with v vertices, e edges and f facets. If P is a simplex,
then
S(P ) ≤ G(4, 6, 4) = 8√
3
= 4.6188 . . . .
On the other hand, the regular simplex has surface area 8/
√
3. Thus, the regular simplex has
maximum surface area among all simplices whose vertices lie in the sphere. More generally, a result
of Tanner [43] implies that for any dimension d ≥ 2, among all simplices inscribed in the unit sphere
S
d−1, the regular simplex has maximum surface area.
There are exactly 7 combinatorial types of polytopes with 6 vertices (see, e.g., [16, p. 157]).
When v = 6, there are 4 possibilities for (v, e, f); Steinitz [42] showed that a polytope in R3 has v
vertices, e edges and f facets if and only if the vector (v, e, f) satisfies the Euler relation v−e+f = 2
and the inequalities v ≤ 2f − 4 and f ≤ 2v − 4. Hence, if v = 6 then 5 ≤ f ≤ 8 and e = f + 4, so
the possible face vectors (v, e, f) are (6, 9, 5), (6, 10, 6), (6, 11, 7) and (6, 12, 8). Checking cases, we
find that G(6, 12, 8) has the maximum value among the four possibilities. Hence, for any polytope
P with 6 vertices,
S(P ) ≤ G(6, 12, 8) = 4
√
3 = 6.9282 . . . .
The square bipyramid (i.e., regular octahedron) with vertices ±e1,±e2,±e3 also has surface area
4
√
3, and is thus the optimal polytope with 6 vertices.
There are exactly 6,384,634 combinatorial types of polytopes with 12 vertices (see [15] and
the references therein). However, there are only 13 possibilities for (v, e, f) since if v = 12 then
2
8 ≤ f ≤ 20. Among these choices, the maximum value of G(12, e, f) is
G(12, 30, 20) = 15
√
3
(
1− 1
3
cot2
pi
5
)
= 2
√
3(5−
√
5) = 9.5745 . . . .
The regular icosahedron also has surface area 2
√
3(5−√5), so by (1) it is the surface area maximizer
for polytopes with 12 vertices.
There are precisely two combinatorial types of polytopes with 5 vertices: the 5-pyramids with
(v, e, f) = (5, 8, 5) and the 5-bipyramids with (v, e, f) = (5, 9, 6) (see, e.g., [16, p. 157]). For these
possibilities,
G(5, 8, 5) = 8 sin
5pi
8
(
1− cot4 5pi
16
)
= 5.91778887 . . .
G(5, 9, 6) =
9
√
3
2
(
1− 1
3
cot2
5pi
18
)
= 5.96495 . . .
However, the triangular bipyramid in Theorem 1 has surface area
3
√
15
2
≈ 5.809 < G(5, 9, 6).
Thus, we will need a new argument to prove that the triangular bipyramid is the optimal polytope
with 5 vertices. We optimize over each of the two combinatorial classes of polytopes with 5 vertices
by first deriving a necessary geometric condition the maximizer must satisfy.
Remark 1. Berman and Hanes [4] determined the maximum volume polytopes inscribed in S2
with 8 vertices or less. Horva´th and La´ngi [26] extended the methods in [4] and determined the
maximum volume polytope in Sd−1 with d+ 2 vertices, d ≥ 2, and also with d+ 3 vertices when d
is odd. The general question of determining the maximal volume polytope inscribed in Sd−1 with
v ≥ d + 1 of vertices is asked in, e.g., the problem books [10, 13] and in [25, 19]. To the best of
our knowledge, this problem is unsolved for arbitrary d and v ≥ d + 4 (the general case is also
unknown for surface area). Please see Section 3 below for a discussion of related open problems
and applications.
For fixed v ≥ 4, let G∗(v) denote the maximum value of G(v, e, f) that can be achieved among
all possibilities (v, e, f), and let S∗v denote the maximum surface area of a polytope with v vertices
inscribed in S2. In the following table, we list the known results on maximum surface area polytopes
inscribed in S2 with at most 12 vertices.
Please note that the column of values for G∗(v) also appears in [1], where further values were
computed for some specific v ≥ 16. Similar tables can be found in [37], where polytopes of maxi-
mum volume inscribed in the sphere and of minimum volume circumscribed about the sphere were
constructed for v ≤ 30 using a computer.
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v G∗(v) S∗v Maximizer Reference
4 G(4, 4, 4) = 8/
√
3 ≈ 4.62 8/√3 regular simplex [43, 47]
5 G(5, 9, 6) ≈ 5.96 3√15/2 ≈ 5.81 triangular bipyramid Thm. 1
6 G(6, 12, 8) = 4
√
3 ≈ 6.93 4√3 regular octahedron [47]
7 G(7, 15, 10) ≈ 7.65 ? ? N/A
8 G(8, 18, 12) ≈ 8.21 ? ? N/A
9 G(9, 21, 14) ≈ 8.65 ? ? N/A
10 G(10, 24, 16) ≈ 9.02 ? ? N/A
11 G(11, 27, 18) ≈ 9.32 ? ? N/A
12 G(12, 30, 20) = 2
√
3(5−√5) ≈ 9.57 2√3(5−√5) regular icosahedron [47]
Definitions and Notations. We shall work in three-dimensional space R3 with standard basis
{e1, e2, e3} and Euclidean norm ‖·‖2. The Euclidean unit ball is denoted B32 = {x ∈ R3 : ‖x‖2 ≤ 1}.
Its boundary is the unit sphere S2 = {x ∈ R3 : ‖x‖2 = 1}. Denote the convex hull of points
x1, . . . , xv ∈ R3 by [x1, . . . , xv]. The affine hull of A ⊂ R3 is denoted aff(A). For a two-dimensional
plane H in R3, we let H± denote its two closed halfspaces.
We recall two definitions regarding polytopes P in R3 with v ≥ 4 vertices. We say that P
is a v-pyramid if it is the convex hull of v − 1 coplanar points x1, . . . , xv−1 ∈ R3 and an apex
xv 6∈ aff(x1, . . . , xv−1) =: H . We say that P is a v-bipyramid if it is the convex hull of: (i) v − 2
coplanar points x1, . . . , xv−2; (ii) two apexes xv−1 ∈ int(H+) and xv ∈ int(H−) (e.g., [48, p. 9]).
Note that P is a v-pyramid if and only if there exists a plane that contains v − 1 vertices and one
vertex is not in the plane (this plane is unique if v ≥ 5). Similarly, P is a v-bipyramid if and only if
there exists a plane that contains v − 2 vertices and intersects int(P ), and such that the other two
vertices lie in opposite open halfspaces of the plane (this plane is necessarily unique).
Two polytopes P and Q are combinatorially equivalent (or of the same combinatorial type)
if there exists a bijection between the faces of P and the faces of Q that preserves set inclusion.
For references on the enumeration and number of combinatorial types of polytopes with a small
number of vertices, see, e.g., [11, 16]. For more background on polytopes and convex sets, we refer
the reader to, e.g., [12, 23, 48] and [20, 39], respectively.
2 Proof of Theorem 1
We will employ the method of partial variation of Po´lya [38] (see also [2, Sect. 1.4]). It says that
if the function f(x1, . . . , xn) has a maximum (resp. minimum) at (x1, . . . , xn) = (a1, . . . , an), then
for any 1 ≤ k ≤ n − 1 the function g(xk+1, . . . , xn) = f(a1, . . . , ak, xk+1, . . . , xn) has a maximum
(resp. minimum) at (xk+1, . . . , xn) = (ak+1, . . . , an).
We now present the lemmas used in our argument. The first ingredient we need is classical.
Lemma 1. There are precisely two combinatorial types of polytopes with 5 vertices: 5-pyramids
and 5-bipyramids.
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Thus, to prove Theorem 1 we determine the optimal 5-pyramid and the optimal 5-bipyramid, and
then we compare their surface areas.
The next ingredient is also well-known (e.g., [17, Thm. 2]).
Lemma 2. Let k ≥ 3. Among all convex k-gons inscribed in a circle of radius R, the regular k-gon
has maximal perimeter 2kR sin pi
k
and maximal area 1
2
kR2 sin 2pi
k
.
The main step in the proof of Theorem 1 is the following lemma. This result gives a necessary
condition for the maximizer that we use to eliminate most polytopes from consideration.
Lemma 3. Let P be a v-pyramid contained in a cap of height h such that the base vertices of P
lie in the base of the cap. Then the lateral surface area of P is maximized when P has height h and
the base is a regular (v − 1)-gon inscribed in the boundary of the base of the cap.
Proof. First, fix v ≥ 4 and a normal direction u ∈ S2, which will determines a plane that cuts
off a cap of height h from the sphere; by the rotational invariance of S2 and the surface area
functional, without loss of generality we may assume that u = e3. Fix h ∈ [0, 2] and define the
plane H(h) := e⊥3 + (1 − h)e3. For t ∈ (0, h], define the collection of v-pyramids
At := {P = [x1, . . . , xv] : [x1, . . . , xv−1] ⊂ H(h) ∩B32 , xv ∈ int(H(h)+) ∩B32 , dist(xv, H(h)) = t}
and set Ah :=
⋃
0<t≤hAt. We solve the optimization problem
max L(P )
s.t. P ∈ Ah
(2)
where L(P ) denotes the lateral surface area of P . Let P ∗ be a maximizer of (2). We show that P ∗
has height h and regular base inscribed in H(h) ∩ S2.
Step 1. Fix t ∈ (0, h] and let P ∈ At. Without loss of generality, we may assume that the
sides of the base (v − 1)-gon are [x1, x2], . . . , [xv−2, xv−1] labeled inclusively in counterclockwise
order. For i = 1, . . . , v − 2, denote the corresponding side lengths by si := ‖xi − xi+1‖2, and let
pi := dist(x
′
v, aff([xi, xi+1])) denote the foot length from the orthogonal projection x
′
v of xv onto
H(h) to the line containing side i. With this notation, the lateral surface area of P is L(P ) =
1
2
∑v−1
i=1
si
√
p2
i
+ t2 (see Figure 2 below).
In the first step, we maximize L(P ) = L(P, h, t, c) over all v-pyramids P ∈ At with fixed
perimeter of the base c > 0. That is, we solve the optimization problem
max L(P, h, t, c) =
1
2
v−1∑
i=1
si
√
p2
i
+ t2
s.t. P ∈ At
v−1∑
i=1
si = c.
(3)
5
s2
s1
s3
e′3
e3
x4
x′4
x2
x3
x1
t
h
p2
p1p3
Figure 2: The set-up for the proof of Lemma 3.
In order to find a necessary condition for the maximizer in the problem (3), we will instead
consider a constraint-released problem. Namely, considering Lemma 2, we look at the problem
max L(P, h, t) =
1
2
v−1∑
i=1
si
√
p2
i
+ t2
s.t. P ∈ At
f :=
v−1∑
i=1
si ≤ 2(v − 1)R(h) sin pi
v − 1
pi ≤
√
4− t2, i = 1, . . . , v − 1
(4)
where R(h) :=
√
1− (1− h)2 is the radius of H(h) ∩B32 . The Lagrangian is
L := L1 − λ(f − c1(v, h))−
v−1∑
i=1
µi(pi − c2(t))
where c1(v, h) := 2(v − 1)R(h) sin piv−1 and c2(t) :=
√
4− t2. The system ∇L = 0 means that for
i = 1, . . . , v − 1,
∂L
∂si
=
1
2
√
p2
i
+ t2 − λ = 0
∂L
∂pi
=
sipi
2
√
p2
i
+ t2
− µi = 0.
The first equation yields
λ =
√
p21 + t
2 = · · · =
√
p2v−1 + t2,
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which implies
p1 = · · · = pv−1. (5)
Thus, if P (h, t) is a maximizer of problem (4), then it must satisfy condition (5). This condition
implies that x′v ∈ int([x1, . . . , xv−1]) (since the base of P (h, t) is convex), so the inball B(x′v, r) ⊂
[x1, . . . , xv−1] is the maximal ball contained in [x1, . . . , xv−1] and it is tangent to each side of the
base. Note that a critical point of the problem (3) is a critical point of problem (4), which fulfills
condition (5). Thus, the optimal polytope P ∗ satisfies the condition (5).
Step 2. In step 1 we found that for each h ∈ [0, 2], among all v-pyramids P ∈ Ah the maximum
lateral surface area is achieved at some pyramid satisfying p1 = · · · = pv−1 and there exists a ball
inscribed in and tangent to each side of its base. Hence, the problem (2) reduces to
max L(P, h, t) =
1
2
(
v−1∑
i=1
si
)√
r(P, h)2 + t(P )2
s.t. P ∈ Ah
p1 = · · · = pv−1 =: r(P, h).
(6)
Under the constraints in (6), the following inequalities hold:
(i) By Lemma 2,
∑v−1
i=1
si ≤ 2(v − 1)R(h) sin piv−1 with equality if and only if [x1, . . . , xv−1] is
regular and x1, . . . , xv−1 ∈ H(h) ∩ S2;
(ii) r(P, h) ≤ R(h) cos pi
v−1 with equality if and only if [x1, . . . , xv−1] is regular [45, 44]; and
(iii) t(P ) ≤ h with equality if and only if xv = e3.
Equality holds in all of (i), (ii) and (iii) simultaneously if and only if P has height h and the base
of P is a regular (v − 1)-gon inscribed in H(h) ∩ S2. Therefore,
L(P ) ≤ 1
2
× 2(v − 1) sin pi
v − 1R(h)×
√
R(h)2 cos2
pi
v − 1 + h
2
= (v − 1) sin pi
v − 1h
√
2− h
√
h sin2
pi
v − 1 + 2 cos
2
pi
v − 1 , (7)
with equality if and only if P is a right pyramid of height h with regular base inscribed in H(h)∩S2.
Remark 2. One can use Lemma 3 to determine the simplex of maximum surface area inscribed
in S2 (which is already known [43, 47]). We leave the details to the interested reader.
Next, we use Lemma 3 to determine the optimal 5-pyramid inscribed in S2.
Corollary 1. Let P be a 5-pyramid inscribed in S2. Then
S(P ) ≤ 4h∗ − 2(h∗)2 + 2
√
4(h∗)2 − (h∗)4 = 5.77886 . . .
where h∗ := 1
3
(
1−√46 sin
(
pi
6
− 1
3
arccos
(
− 149
23
√
46
)))
= 1.2622 . . .. Equality holds if and only if P
is a rotation of the 5-pyramid with height h∗ and square base inscribed in S2 ∩ (e⊥3 − (h∗ − 1)e3).
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Proof. We shall solve the optimization problem
max S(P )
s.t. P is a 5-pyramid
P ⊂ B32 .
(8)
Fix h ∈ [0, 2] and let P (h) ∈ Ah. By Lemma 3, the lateral surface area L(P (h)) is maximized
when P (h) has height h and square base inscribed in H(h)∩S2. By Lemma 2, for any height h the
area of the base is also maximized when the base is a square inscribed in H(h) ∩ S2. Thus, for any
h ∈ [0, 2]
S(P (h)) = B(P (h)) + L(P (h)) ≤ 4h− 2h2 + 2
√
4h2 − h4,
where B(P (h)) := 4h − 2h2 is the area of the square base of P (h). Equality holds if and only if
P (h) has height h and square base inscribed in H(h) ∩ S2. It remains to optimize over h. Define
S(h) := 4h− 2h2 + 2√4h2 − h4. Setting
S′(h) = 4− 4h+ 8− 4h
2
√
4− h2 = 0
we obtain the equation 2h3 − 2h2 − 7h+ 8 = 0. The roots of the cubic that lie in [0, 2] are
h1 =
1
3
(
1 +
√
46 cos
(
1
3
arccos
( −149
23
√
46
)))
= 1.6538868 . . .
h2 =
1
3
(
1−
√
46 sin
(
pi
6
− 1
3
arccos
(
− 149
23
√
46
)))
= 1.2622 . . . .
Checking cases, we find that S(h) attains its global maximum at h∗ = h2 with S(h∗) = 5.77886 . . ..
Remark 3. Let P be a v-pyramid contained in B32 . Modifying the proof of Corollary 1, it can be
shown that S(P ) ≤ Fv(h∗), where
Fv(h) :=
1
2
(v − 1)(2h− h2) sin 2pi
v − 1 + (v − 1) sin
pi
v − 1
√
(2h− h2)2 cos2 pi
v − 1 + h
2(2h− h2)
and h∗ ∈ [0, 2] is the optimal height for which F (h) ≤ F (h∗) for all h ∈ [0, 2]. The equality holds if
and only if the vertices of P are (up to rotation) the north pole e3 and the corners of the regular
(v− 1)-gon inscribed in S2 ∩ (e⊥3 − (h∗− 1)e3). We leave the details of computing a general formula
for h∗ = h∗(v) in terms of v to the interested reader; to complete the proof of Theorem 1, we will
only need the case v = 5 from Corollary 1. In the next corollary, however, we state the formula for
the surface area of the optimal v-bipyramid in full generality.
Corollary 2. Let P be a v-bipyramid inscribed in S2. Then
S(P ) ≤ 2(v − 2) sinωv
√
1 + cos2 ωv
where ωv :=
pi
v−2 . Equality holds if and only if P is a rotation of the convex hull of the north and
south poles ±e3 and the regular (v − 2)-gon inscribed in the equator e⊥3 .
8
Proof. By Lemma 3, it suffices to consider only those (v−1)-bipyramids P (v, h) that are the convex
hull of ±e3 and a regular (v − 2)-gon in H(h) ∩B32 where H(h) := e⊥3 + (1− h)e3 (so one pyramid
has height h and the other has height 2 − h). It remains to optimize over h. The surface area
S(P (v, h)) =: S(h) of such a v-bipyramid is
S(h) = (v − 2) sinωv
(√
2h3 − h4 + cos2 ωv(2h− h2)2 +
√
(2 − h)2(2h− h2) + cos2 ωv(2h− h2)2
)
.
A short computation yields that h = 1 is the only critical point, and that S′(h) > 0 for h ∈ (0, 1)
and S′(h) < 0 for h ∈ (1, 2). Thus, the vertices of the regular (v− 2)-gon lie in the equator S2 ∩ e⊥3 .
This shows that the polytope defined in the statement of the lemma maximizes surface area among
all v-bipyramids, and it has surface area
S(1) = 2(v − 2) sinωv
√
1 + cos2 ωv.
2.1 Conclusion of the Proof of Theorem 1
By Corollary 1, the maximum surface area of a 5-pyramid inscribed in S2 is less than 5.78. By
Corollary 2, the maximum surface area 5-bipyramid inscribed in S2 is P ∗ := conv{±e3, e1, ζ1, ζ2}
with S(P ∗) = 3
√
15/2 > 5.78. Thus, by Lemma 1, P ∗ maximizes surface area among all polytopes
with 5 vertices that are contained in B32 .
Remark 4. A necessary condition for an optimal 5-pyramid (resp. 5-bipyramid) is that the orthog-
onal projection of the apex lies (apexes lie) in the base (triangular cross-section containing three
vertices). Under this condition, one can express the surface area of the base (triangular cross-section
containing three vertices) in two ways to get the constraint
g :=
1
2
3∑
i=1
sipi − 1
4
√
(s21 + s
2
2 + s
2
3)
2 − 2(s41 + s42 + s43) = 0
(resp. g :=
1
2
4∑
i=1
sipi − 1
4
√
(s21 + s
2
2 + s
2
3 + s
2
4)
2 + 8s1s2s3s4 − 2(s41 + s42 + s43 + s44) = 0)
where we have used Heron’s formula (Bragmagupta’s formula). Using Lagrange multipliers, one
maximizes the lateral surface area L(P ) = 1
2
∑
i
si
√
p2
i
+ t2 under this constraint to derive that
all pi are equal and all si are equal. A generalization of Heron’s formula was given in [33], and
explicit formulas were proved for polygons with up to 8 vertices. Thus, the previous argument can
be extended to v ≤ 9 using these formulas.
3 Some Applications and Related Problems
We conclude the paper with some applications of Theorem 1 and related problems. To the best of
our knowledge, all of the problems stated here are open.
Applications. The problem of how to distribute a fixed number of points on S2 to satisfy some
extremal property has been studied in the VSEPR model of stereochemistry (see, e.g., [36] and the
references therein).
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In quantum theory, every polytope inscribed in S2 with v vertices serves as a unique geometric
representation of a pure symmetric state of a v-qubit system (see, e.g., [14, 28]). For instance, the
GHZ type state on v-qubit system corresponds to a planar v regular polygon inscribed in S2. Such
a polytope is called a Majorana polytope (representation). For a pure symmetric state, the surface
area of its Majorana polytope was proposed to be a new measure of its entanglement [28]. It was
also conjectured that this new measure is equivalent to the entropy measure of entanglement [28,
Conj. 4.1]. This is certainly true for tripartite qubit-systems. Assuming the conjecture holds, our
result leads to an explicit five-partite state that bears maximal entanglement.
Maximum Surface Area Polytopes. It remains to determine the maximal surface area poly-
topes inscribed in S2 with v vertices for v = 7, 8, 9, 10, 11 and v ≥ 13. More generally, it is an open
problem to determine the surface area maximizers with v ≥ d + 2 vertices inscribed in Sd−1 for
general d. Determining a necessary condition for optimality (e.g., Property Z in [4] or Property
A in [1]) can be used to eliminate most combinatorial types from consideration. For instance, is
the maximum surface area polytope inscribed in Sd−1 simplicial? (This is the case for maximum
volume polytopes [26].)
The Simplex Mean Width Conjecture. The Simplex Mean Width Conjecture asserts that
the regular simplex maximizes mean width among all simplices inscribed in Sd−1. This problem is
closely related to the Simplex Code Conjecture, an important problem in information theory (see,
e.g., [31] and [19, Sect. 9.10]).
The Isoperimetric Problem for Polytopes in R3. Determining the polytopes in R3 with
a given number of faces that minimize the isoperimetric quotient (IQ) is a classical problem that
dates back to at least Lhuilier in 1782 [29]. Lindelo¨f [30] determined a necessary condition for the
minimizer in R3: the optimal polytope contains an inball that touches each facet at its centroid
(Gruber [20] later proved that this condition holds for the optimizer in any dimension d ≥ 2). Since
then, this problem has been studied extensively; we refer the reader to, e.g., [9, 8] and the references
therein. For any polytope that satisfies this condition, its surface area is a constant multiple of its
volume, so determining the polytope of minimum IQ (with, say, f facets) reduces to determining
the polytope with minimum volume that contains B32 . This may be thought of as the “dual” of
the preceding problem on inscribed volume maximization. In R2, the solution is regular [46]. For
a discussion of the cases known for d = 3 (which include 4 ≤ f ≤ 7), see [18]. The problem is open
for general d.
Duality of Optimal Polytopes. For 4 ≤ v ≤ 7, the solution to the isoperimetric problem for
polytopes in R3 is the polar dual of the maximum volume polytope with v vertices inscribed in S2.
(The same is true for surface area for 4 ≤ v ≤ 6.) Is this true for v ≥ 8? This question was asked
in Problem 2.2 of [25].
One may also ask the same question in higher dimensions. We mention a related quantitative
result on asymptotic best approximation of the ball in this setting. From results in [22, 21, 24, 34, 35]
it follows that as the dimension tends to infinity, the ratio of the best inscribed to best circumscribed
approximation of the ball is of the orderO(d−1 ln(d)). (The same result holds true for approximation
with respect to any intrinsic volume [6]).) This is some evidence the answer is affirmative.
Intrinsic Volume Maximizers. More generally, for d ≥ 4 one may determine the polytope
with v vertices (resp. facets) inscribed (circumscribed) in Bd2 with maximum (minimum) intrinsic
volume. Intrinsic volume approximation of convex bodies by polytopes has been considered before
in, e.g., [3, 6]. However, little qualitative information is known on the optimal polytopes.
10
Simultaneous Maximizers. Kazakov asked if the maximum volume polytope with v vertices
inscribed in S2 is also the maximum surface area polytope with v vertices inscribed in S2 [28, Conj.
4.2]. So far, the conjecture is known to be true for v = 4, 5, 6 and v = 12, as seen comparing the
volume results in [4] with the surface area results in [47] and Theorem 1. All other cases of this
problem are open.
One can also ask if there is a polytope that maximizes volume, surface area and mean width
simultaneously among all polytopes with v vertices inscribed in B32 . A similar problem was investi-
gated in [6] in high dimensions. There it was shown that there is a polytope which is asymptotically
best-approximating for the d-dimensional Euclidean unit ball Bd2 with respect to all d intrinsic vol-
umes simultaneously, up to absolute constants whose ratio is of the order 1 + O(d−1 ln d). This is
some evidence in support of [28, Conj. 4.2]. Another interesting question is to determine if such a
simultaneous approximation property characterizes the Euclidean ball among all convex bodies in
R
d (see also [6, Cor. 4]).
The Wills functional of a convex body in Rd is the sum of its intrinsic volumes. The problem of
approximating a convex body by polytopes with respect to the Wills functional was considered in
[6]. It is an open problem to determine the Wills functional maximizers among all polytopes with
v vertices inscribed in the sphere.
Optimal Polytopes in General Position. Fix d ≥ 2 and v ≥ d + 1. The problem of
determining the polytope P ⊂ Bd2 (resp. P ⊃ Bd2) with v vertices (facets) of maximal (minimal)
intrinsic volume inscribed in (circumscribed around) Bd2 is equivalent to determining the polytope
that minimizes the intrinsic volume deviation of P andBd2 . More generally, one can consider intrinsic
volume approximation of Bd2 by arbitrarily positioned polytopes. In [6], estimates were given for
the asymptotic best intrinsic volume approximation of Bd2 by arbitrarily positioned polytopes.
Unfortunately, very little qualitative information is known on the best-approximating arbitrarily
positioned polytopes of Bd2 for d ≥ 3. The ultimate question in this direction is: For a given number
v of vertices or facets, which generally positioned polytope minimizes the intrinsic volume deviation
with Bd2? To our knowledge, this problem is open for any dimension d ≥ 3 and for any intrinsic
volume deviation, including the symmetric volume difference. Furthermore, it is an open problem
to determine the polytope that achieves the minimum “Wills deviation” with the ball (see [6] for
the definition).
A qualitative result that may aid in the solution for volume approximation is [32, Lem. 9],
which says that if P is a best-approximating polytope (in general position) for a convex body K in
R
d with respect to the symmetric volume difference, then exactly half of the surface area of each
facet of P lies inside of K.
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